Turbines in wind power plants experience significant power losses when wakes from upstream turbines affect the energy production of downstream turbines. A promising plant-level control strategy to reduce these losses is wake steering, where upstream turbines are yawed to direct wakes away from downstream turbines. However, there are significant uncertainties in many aspects of the wake steering problem. For example, in-field sensors do not give perfect information and inflow to the plant is complex and difficult to forecast with available information, even over short time periods. Here, we formulate 5 and solve an optimization under uncertainty (OUU) problem for determining optimal plant-level wake steering strategies in the presence of uncorrelated uncertainties in the direction, speed, turbulence intensity, and shear of the incoming wind, as well as in turbine yaw positions. The OUU wake steering strategy is first examined for a two-turbine test case to explore the impacts of different types of inflow uncertainties, and is then demonstrated for a more realistic 11-turbine wind power plant. Of the sources of uncertainty considered, we find that wake steering strategies are most sensitive to uncertainties in the wind speed 10 and direction. The OUU strategy also tends to favor smaller yaw angles when maximizing expected power production. Ultimately, the plant-level wake steering strategy formulated using the OUU approach yields 0.48% more expected annual energy production than the deterministic strategy when considering stochastic inputs. Thus, not only does the present OUU strategy produce more power in realistic conditions, it also reduces risk by prescribing strategies that call for less extreme yaw angles.
used in several prior wind plant optimization studies to provide a robust solution under varying levels of uncertainty (Gonzalez et al., 2012; Chen and MacDonald, 2013) . Quick et al. (2017) formulated the wake steering problem using OUU, assuming large uncertainties in the yaw positions of individual turbines. Subsequently, Rott et al. (2018) formulated and solved a wake steering OUU problem for a nine-turbine plant, assuming uncertainty in the measured inflow direction. More recently, Simley 20 et al. (2019) formulated an OUU problem taking yaw position uncertainty and inflow direction variability into account.
In this paper, we extend prior work on OUU and plant-level control to address uncertainty in turbine yaw positions and inflow direction, speed, shear, and turbulence intensity during the optimization of turbine yaw offsets for wake steering strategies.
In a two-turbine test case, we explore how different magnitudes of uncertainty impact the efficacy of wake steering schemes, examining the trade-off between the power produced by the front and back turbines. Assuming standard uncertainty distribu-25 tions based on available information, we find that the inflow speed and direction are the most influential parameters to the wake steering design problem. In a more realistic 11 turbine wind-plant test case, we further demonstrate the benefits of the OUU formulation. In particular, in addition to yielding more robust designs, the OUU formulation results in less-extreme prescribed yaw offsets.
The paper is organized as follows. In the next section, we outline details of the engineering wake model, the formulation 30 of the OUU problem, and the specific application examined. Results are outlined for two-turbine and wind-plant test cases in Section 3, and conclusions are presented at the end.
2 Methodology, application, and approach
In this study, we applied the FLOw Redirection and Induction in Steady State (FLORIS) engineering wake model (NREL, 2019) to a simple two-turbine test case and to a more realistic 11-turbine wind plant to quantify potential benefits of explicitly taking uncertainty into account when designing plant-level wake steering schemes via OUU.
2.1 Engineering wake model 5 We used the FLORIS implementation of the Gaussian wake model (Bastankhah and Porté-Agel, 2016; Annoni et al., 2018) , which imposes a velocity deficit given by
where u(x, y, z) is the velocity component in the direction of the inflow, x is the streamwise direction, y is the crossflow direction, z is the vertical direction, δ is the deflection field, u ∞ is the inflow magnitude at the wind turbine hub height, z h , and 10 C is the velocity deficit in the center of the wake. The standard deviations σ y and σ z parameterize the width and height of the wake in the crossflow and vertical directions, respectively.
In this study, we limited the value of the thrust coefficient to be strictly less than one. Without this modification, wake calculations for low wind speeds may result in inaccurate predictions (in particular, the calculation of C involves the square root of one minus the thrust coefficient). Throughout this paper, we use the NREL 5 MW reference turbine (Jonkman et al., 15 2009), which has power and thrust coefficient curves shown in Figure 1 . 
Problem formulation
Using the FLORIS wake model, the deterministic power production of a wind plant can be predicted given turbine-specific yaw positions, y y y, as well as the direction, θ, speed, u ∞ , turbulence intensity, TI, and shear, α, of the incoming wind. We denote the
It should be noted that y y y is a vector of yaw positions for each turbine in a farm and is a relative reference; in this sense, y y y represents a vector of yaw offsets with respect to 5 θ. The length of the vector y y y is equal to the number of turbines in the plant. The inflow direction θ is measured clockwise from north and the yaw position is measured counterclockwise from the inflow direction.
During plant operation, inflow conditions and yaw misalignment are not perfectly known. These uncertainties stem from measurement error and aleatoric uncertainty. As a result, we introduce the stochastic expected power, denoted f 10 because it is representative of uncertainties that are relevant on the order of 10 minutes of operational time. It is defined as
where p v (v v v) is a joint probability density function (pdf) that describes the distribution of v v v in the 10-minute period. Although this distribution can be empirically determined using real-world measurements and knowledge of turbines in a wind plant, in this study we instead parameterize p v using the vector of mean values µ µ µ p v is assumed to be normally distributed). We thus parameterize f 10 as
where p v (v v v;µ µ µ v ,Σ Σ Σ) denotes the joint pdf of v v v parameterized by µ µ µ v and Σ Σ Σ. We define this joint pdf such that, as Σ Σ Σ → 0 0 0,
The energy production may be estimated for a whole year (i.e., the expected AEP) as a linear sum of each speed-and 20 direction-specific expected power production, weighted by speed-and direction-specific probabilities and multiplied by 8,760
hours per year. These probabilities are representative of annual variability as opposed to the previously described uncertainty in operating conditions. Thus, the average inflow speed and direction are cast as being uncertain in order to capture their annual variability. In practice, these probabilities are empirically determined and jointly distributed. The resulting expression for AEP is thus given as
where p µ (µ u∞ , µ θ ) represents the joint distribution of the 10-minute averages µ u∞ and µ θ over a year.
Using Eq. (4) for the AEP, we can formulate the wake steering OUU problem as
Similarly, the deterministic wake steering optimization is formulated for Σ Σ Σ = 0 0 0 as 
Table 1. Summary of AEP-based metrics used to assess the quality of solutions for given values of µTI and µα (for simplicity, these parameters are suppressed as arguments of the AEP in the notation).
Metric Equation Description
VSS The baseline solution corresponds to turbines that are directly aligned with θ such that there is no yaw offset, corresponding to µ µ µ (base) y = 0 0 0 .
We used four metrics to assess the quality of different solutions for µ µ µ y . The value of the stochastic solution (VSS) is the expected value of the stochastic AEP for the OUU solution relative to the deterministic solution. Our VSS definition is similar to the VSS metric introduced by Birge and Louveaux (2011), but is expressed as a fractional increase in expected AEP rather 5 than an absolute value increase. As a result, the solution value metrics do not depend on the amount of power produced. We also examined the expected value of stochastic AEP for the OUU solution relative to the baseline no-offset case, denoted VSS b .
The value of the deterministic solution (VDS) is the nonstochastic value of the AEP for the deterministic solution relative to the baseline solution. In addition, we report the stochastic value of the AEP for the deterministic solution relative to the baseline solution, denoted as VDS s . Each of these metrics is defined in Table 1 . 10 
Application

Uncertainty estimates
In the present demonstration tests, we considered the effects of uncertainty in turbine yaw offsets and wind inflow speed, direction, turbulence intensity, and shear. We envision wake steering strategies changing every 10 or 20 minutes, so we worked to identify reasonable variations in each of these uncertain parameters over that time span. Together, these variations comprise
To estimate the yaw position uncertainty, we compared operational data from an NREL turbine with a nearby meteorological measuring mast (NWTC Information Portal, 2019); these data were examined previously by Fleming et al. (2018) , Annoni et al. (2018) , and Damiani et al. (2018) . In the present study, the wind direction recorded at the turbine was compared to the wind direction measured on the upstream meteorological mast. The mean error, which is sometimes referred to as bias, was removed 20 to focus on the shape of the distribution of errors, as shown in Figure 2 .
Based on the shape of the distribution in Figure 2 , we parameterize the yaw misalignment as a two-sided exponential distribution, termed the Laplace distribution, given by where µ is the mean and ν is a shape parameter. The remaining uncertain parameters are assumed to be normally distributed according to
where µ is again the mean and σ is the standard deviation. Each of the uncertain parameters are then assumed to be independent such that the joint pdf p v (v v v;µ µ µ v ,Σ Σ Σ) can be written as
where the hyperparameter is given as Σ Σ Σ = [ν ν ν y , σ θ , σ u∞ , σ TI , σ α ]. The vector ν ν ν y represents the shape parameter used in the yaw offset Laplace distributions for each turbine in a plant. It should be noted that Mittelmeier and Kühn (2018) reported yaw misalignment to be a strong function of the inflow wind speed, which is not considered explicitly here.
Estimated values for Σ Σ Σ are taken from a range of sources. Based on the observational data shown in Figure 2 , we measured Lundquist (2017), we estimate a large turbulence intensity standard deviation to be σ TI = 5%. The standard deviation in the shear parameter α is estimated to be σ α = 0.05, which represents a large, worst-case uncertainty for a 10-minute period. 
The resultant distribution choices and hyperparameter estimates are provided for each uncertain variable in Table 2 . These distributions are intended to capture uncertainty associated with both physical variability and aleatoric uncertainty. It is cautioned that the magnitude of these sources of uncertainty are site specific. For example, a wind plant built in the wake of a large obstacle would be expected to have larger uncertainty in the inflow direction than a wind plant built offshore. As such, the uncertainties outlined in Table 2 should be taken as representative of real uncertainties but do not correspond to any particular 5 site or wind plant.
Calculation of AEP
We approximated the integral in Eq.
(3) for f 10 using polynomial chaos expansion, which uses orthogonal polynomials with collocated quadrature points to interpolate a quantity of interest through an uncertain parameter space (Eldred and Elman, 2011) . We used the polynomial chaos expansion tool in DAKOTA (Adams et al., 2014) When computing the integral in the two-turbine cases, we used fifth-order quadrature with uniform p-refinement and two maximum refinement iterations. In the OUU, we used fifth-order quadrature without refinement during each optimization iteration and used fifth-order quadrature with p-refinement and two maximum refinement levels to assess the outcome of the wind plant optimization OUU, deterministic, and baseline solutions.
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During computation of the AEP via Eq. (4), the speed and direction joint pdf p µ (µ θ , µ u∞ ) is approximated with an empirical discrete joint probability mass function, denoted ρ µ (µ d θ , µ i u∞ ). Here, d = [1, . . . , D] and i = [1, . . . , I], where D is the number of directional bins and I is the number of inflow wind speed bins in the discrete function ρ µ . This discretization thus yields a new definition of AEP, given as 
Layouts considered
To demonstrate the benefits of OUU in the development of wake steering strategies, we considered a two-turbine layout as well as a larger 11-turbine layout. We used the two-turbine layout to explore the basic trade-off between the power production of front and back turbines as well as the sensitivity to different levels of uncertainty. The wind plant problem was used to assess the potential benefits of OUU in a more realistic wind plant design problem. The mean values, shape parameters, and upper and lower bounds associated with each input considered in the two-turbine and wind plant cases are shown in Table 3 .
In the two-turbine case, the front turbine directly wakes the back turbine when flow is from the north, as shown in Figure   3 (a). The turbines are spaced five rotor diameters apart in the northern direction. We chose this case because it is representative of the fundamental trade-off between upstream turbines losing power by offsetting their yaw positions and downstream turbines 5 gaining power when wakes are diverted away from them [as indicated in Figure 3(b) ]. We performed a parameter sweep across possible values of the front turbine yaw offset with a nested sampling routine to find the optimum steering strategy for various uncertainties in the inflow. We report the maximum VSS across all directions and speeds for each uncertain input using the reference shape values. Uncertainties with maximum VSS larger than 0.5% were selected to be included in the wind farm OUU.
The wind farm wake steering optimization problem is intended to provide insights on the benefits of OUU in more realistic scenarios. The plant layout is shown in Figure 4 , and the corresponding annual wind speed and direction probability mass function is shown in Figure 5 . We performed deterministic and stochastic wake steering optimizations for each speed and 5 direction, reporting the deterministic and expected power production associated with the OUU, deterministic, and baseline strategies. We used the annual wind speed and direction probability mass function to aggregate these speed-and directionspecific power production estimates into an estimate of AEP. The expected power production was maximized during the optimization. The COBYLA optimization driver in DAKOTA (Adams et al., 2014) was used to design the wake steering strategies. The polynomial chaos expansion tool in DAKOTA (Adams et al., 2014) was used during each optimization iteration 10 to estimate the stochastic response in the OUU. Each OUU was initialized with the corresponding deterministic solution.
Results
In the following, we present results for OUU of the simple two-turbine case, as well as the 11-turbine wind plant. It will be shown from an analysis of the two-turbine case that wind speed and direction are the most influential parameters, and so we performed the OUU using only these two uncertain variables, assuming ν ν ν y , σ TI , and σ α to be zero. Optimization results of 15 wake steering strategies for the 11-turbine wind plant are presented using the OUU and deterministic problem formulations, and the results are compared to baseline strategies (i.e., using no wake steering). Figure 3 shows results for the two-turbine test case, where the front turbine wakes the back turbine. For each uncertain parameter, we performed a parameter sweep across possible values of the front turbine yaw offset with a nested sampling routine to find the optimum steering strategy for various levels of uncertainty. The results are summarized in Table 4 . Using a VSS threshold of 0.5%, we found that the wind speed and direction are the most influential parameters and that shear, turbulence 5 intensity, and yaw misalignment are less important.
Two-turbine test case
Uncertainty in the wind direction affects the path that wakes behind wind turbines will follow. This can be thought of as spreading out the wake. This effect is explored in Figure 6 , which shows that, as the inflow direction uncertainty increases, the wake becomes spread out such that the power of the back turbine is eventually completely insensitive to the yaw angle of the front turbine. The effect of uncertainty in direction on the front turbine optimal yaw settings is dramatic. For example, 10 in Figure 6(c) , the optimal yaw offset is around 25 • when there is perfect information. As mild uncertainty is introduced, however, the optimal front turbine yaw angle decreases. When large levels of uncertainty are introduced, the optimal setting switches to almost no steering. The optimal front turbine yaw offset is shown as a function of inflow direction for different levels of uncertainty in Figure 6(d) . Once again, as uncertainty increases, the optimal yaw offset becomes more gradual and less extreme. It is interesting to note that the deterministic solution may be worse than the baseline solution if there is large uncertainty in the inflow wind direction. This is shown in Figure 7 , which indicates that, as inflow direction uncertainty increases, there is less overall benefit to wake steering. Results for VSS b in Figure 7(b) show that the increase in power production is reduced from around 10% to 1% as σ θ increases from 1 • to 15 • . The VDS results in Figure 7 (c) have a maximum of almost 15% and, by definition, are not affected by uncertainty. We found that the deterministic strategy performed on the order of 10% worse 5 than the baseline solution for large levels of direction uncertainty, which may be observed in the VDS s results shown in Figure   7 (d).
Uncertainty in the incoming wind speed u ∞ changes the magnitude of the wake velocity deficits, although the wake paths remain unchanged. When there is variability in the wind speed, the power produced by a wind turbine should generally increase when there are lower wind speeds, in the cubic region of the power curve, and decrease when there are higher wind speeds.
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This is due to Jensen's inequality and the concavity of different sections of the power curve (Quick et al., 2016) . In either case, the difference in expected power production will result in different deterministic and stochastic operational strategies. Figure 8 shows that uncertainty in lower inflow speeds caused the optimal front turbine angle to decrease, and uncertainty in higher wind speeds caused the optimal front turbine offset to increase. The optimal front turbine offset was insensitive to wind speed uncertainty in the cubic range of the power curve. The increased uncertainty in the inflow speed changes expected 15 power production, which changes the trade-off between reduced power from the upstream turbine and increased power from the downstream turbine due to yaw deflection. Overall, we found this two-turbine case to be less sensitive to uncertainties in yaw misalignment, turbulence intensity, and wind shear. Uncertainty in the turbine yaw positions generally reduces the rotor swept area and spreads out the path of the turbine wake. As a result, the power of the back turbine may be increased or decreased by yaw misalignment uncertainty depending on which dynamic dominates. Yaw position uncertainty does not dramatically affect the solution at the reference uncertainty (ν ν ν y = 5 • ), but produces a noticeably different solution near ν ν ν y = 10 • , which has a maximum VSS of 1.23%.
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Turbulence intensity affects the wake expansion geometry, which effectively smears out the path of wakes, decreasing the velocity deficit felt by waked turbines. Although we did not find turbulence intensity uncertainty to be significant here, we found a maximum VSS of 1.29% when σ TI = 10%. Such a large standard deviation in this truncated normal distribution approaches a uniform distribution, which could be thought of as representing a complete lack of information regarding turbulence intensity.
Introducing Gaussian uncertainty in the shear coefficient did not affect the optimum front turbine angle beyond one or two 10 degrees, even at dramatic levels of uncertainty.
Wind plant test case
To quantify the benefits of OUU in a more realistic scenario, we also performed OUU to design wake steering strategies for an 11-turbine wind power plant. The stochastic average and deterministic AEP associated with the OUU, deterministic optimization, and baseline (i.e., no wake steering) solutions are provided in Table 5 . These represent the aggregate of the different 15 optimization solutions, where powers are weighted by the speed-and direction-specific annual probabilities of occurrence shown in Figure 5 . Table 5 shows that, given perfect information, the deterministic strategy is expected to produce 2.6% more AEP than the baseline strategy. However, for the present assumed input uncertainties, the deterministic strategy may be expected to perform comparably to the baseline strategy and the OUU strategy may be expected to produce 0.58% and 0.48% more AEP than the baseline and deterministic strategies, respectively.
It is interesting to note that the uncertain expected AEP is greater than the deterministic AEP in Table 5 for all three 5 strategies. This represents the aggregate across the annual wind speed and direction probability mass function. We found that lower wind speeds (below 12 or 13 m/s) were generally associated with increased power production from uncertainty, while larger wind speeds yielded an expected power less than the deterministic value. When we only considered direction uncertainty, the expected power was consistently larger than its deterministic counterpart. This is because the wakes are inherently spread out by uncertainty in direction, reducing the expected velocity deficit in waked regions. When we only consider wind speed uncertainty, larger wind speeds were associated with decreased expected power, and smaller wind speeds were associated with increased expected power. This matches the intuition from Jensen's inequality discussed earlier. Figure 9 summarizes improvements in AEP for the different wake steering strategies for varying wind speed and direction.
Some strategies appear to produce more than 15% more power given perfect inflow information [reflected in the VDS results 5 in Figure 9 (c)], but these same strategies produce almost 2% less power than the baseline no-steering strategy under uncertain conditions [shown in the VDS s results in Figure 9(d) ]. The VSS b and VDS s metrics in Figures 9(b) and (d) , show that some deterministic and OUU solutions may produce 2% and 4% improvements in average power production, respectively, which is much lower than the increase predicted by the deterministic scenarios indicated in the VDS results shown in Figure 9 (c). The optimization histories of the OUU and deterministic approaches are shown for 12 m/s inflow 30 • from north in Figure 10 .
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In general, we found that by incorporating uncertainty in the wake steering problem formulation, less extreme yaw offsets were required to optimize AEP. We show the aggregate of yaw positions suggested by the OUU and deterministic optimization approaches in Figure 11 . Although the histogram in Figure 11 is not weighted by probability of inflow occurrence, these results nevertheless strongly suggest that wind plant designers may expect OUU to yield wake steering strategies with lower-magnitude yaw offsets than when using the deterministic optimization formulation.
4 Conclusions
In this study, we examined how uncertainty affects wake steering strategies and what benefits may be associated with designing these strategies in the presence of operational uncertainty using OUU. Uncertainty in yaw positions is epistemic and may be reduced with more accurate yaw position detection methods. Uncertainty in inflow conditions is more nuanced. While there are issues with accurately measuring these quantities, fundamentally, there may not be a single characteristic direction, speed, 20 turbulence intensity, or shear associated with the wind flowing into a utility-scale wind plant. For example, a wind power plant may be built downstream of a mountain, causing wind to enter from multiple directions. So, the uncertainties in these inflow parameters may be thought of as a combination of epistemic and aleatoric, irreducible, or model-form uncertainties.
The fact that OUU results in more expected power production with less extreme yaw offsets makes a strong case for designers to move toward OUU formulations in plant-level control strategies. In particular, OUU results in wake steering strategies 25 that are more conservative than the deterministic approach -the magnitude of the turbine yaw offsets determined by OUU is diminished compared to those found using deterministic optimization, even though the yaw positions are not part of the optimization objective. Assuming that the inflow uncertainties were precisely quantified, we have shown that wake strategies formulated with the OUU approach should produce up to about 4% more power than wake steering strategies formulated using the deterministic approach.
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We are optimistic for the future of plant control strategies and anticipate that uncertainty will become increasingly incorporated in future plant control analysis. In future work, we plan to further quantify typical levels of uncertainty in input parameters, explore higher-fidelity flow models, and to include fatigue loading in the OUU objective function. There are sev- eral other sources of uncertainty that may be injected into this problem. For example, we assumed perfect knowledge of the turbine power and thrust curves. Typical levels of uncertainty in turbine power and thrust curves probably would have resulted in somewhat different optimum wake steering strategies. Quantifying fatigue loading is an attractive prospect, though it requires a more advanced wake model. Partial waking may be more detrimental than full exposure to a wake, complicating the fundamental trade-offs that we explored. The meandering behavior of wakes behind wind turbines is an important factor that 5 is not captured by the steady-state FLORIS model. 
